Using a recent Mergelyan type theorem, we show the existence of universal Taylor series on products of planar simply connected domains Ω i that extend continuously on
Introduction
In one complex variable, Mergelyan's Theorem [17] has allowed the study of universal Taylor series [2] , [6] , [7] , [10] , [11] , [12] , [15] , [16] . However, the study of universal Taylor series in several complex variables is underdeveloped [3] , [4] . Recently, [5] gave birth to a new Mergelyan's type theorem. In particular,
K i , where K i are planar compact sets with connected complements and f : K → C is a continuous function such that f • Φ is holomorphic on the disk D ⊂ C, for every injective holomorphic mapping Φ : D → K, then f is uniformly approximable on K by polynomials. This result was recently used in [9] , where it is proved that there exist holomorphic functions on (Ω i ∪ S i ). Partially smooth universal Taylor series are not so developed even in one complex variable ( [8] , [19] ). Our method cannot give the result for all compact sets
(Ω i ∪ S i ). In fact, we prove that there is no absorbing sequence of the previous sets.
Preliminaries
We will now present some abstract theory context from [1] , [14] , which will be of paramount importance for the main result of the paper. Let (X τ ), t ≥ 1, indicate a sequence of metrizable topological vector spaces over the field K (K = R or K = C), equipped with translation-invariant metrics ρ τ . Let E denote a complete metrizable topological vector space, with topology induced by a translation-invariant metric d. Let, also, L m , m ≥ 1, be an increasing sequence of non-empty compact subsets of the metric space L = m≥1 L m and ξ 0 a distinguished element of L 1 . Suppose that for any n ∈ N, there exist continuous maps e n : L → E, χ τ,n : L → X τ and φ n : L × E → K.
Let G denote the set of sequences in K N with finitely many non-zero elements and let us suppose the following hold:
a j e j (ξ 0 ) and a = (a j ) ∞ j=0 .
(ii) For every a ∈ G and ξ ∈ L, the sets {n : φ n (ξ, g a ) = 0} are finite and uniformly bounded with respect to ξ ∈ L m for any m ≥ 1.
(iii) For every a ∈ G and ξ ∈ L:
a j e j (ξ 0 ) (iv) For every a ∈ G, ξ ∈ L and τ ≥ 1: 
Remark 2.2 In Definition 2.1 it is equivalent to ask that the sequence (λ n ) ⊂ µ is strictly increasing. [18] Theorem 2.3 [1] Under the assumptions made above, the following are equivalent.
1. For every τ ≥ 1, every x ∈ X τ and every ε > 0, there exist n ∈ N and a 0 , a 1 , a 2 , . . . , a n ∈ K such
For any increasing sequence µ of positive integers, the set U µ E,L is G δ dense in E and contains a dense vecotr subspace except zero.
We now proceed in defining some classes of functions that will be used widely in the present paper.
We will also present some new results from [5] , in forms of lemmas, that will prove useful later on.
Definition 2.4
Recalling that a mapping from a planar domain to C d is holomorphic, if each coordinate is a complex valued holomorphic function, we define the algebra A D (K) as the set of all functions f : K → C, where K is compact in C d , that are continuous on K and such that, for every open disc D ⊂ C and every holomorphic mapping φ : D → K, the composition f • φ : D → C is holomorphic.
It is easy to see that A D (K) becomes a metrizable topological vector space, with the supremum norm.
Lemma 2.5 is part of a result in [5] , Remark 4.9 (3). From the same paper, we also get the following.
Definition 2.6 Let K be a compact subset of C d . We define the algebra O(K) as the set of all functions f : K → C, such that there exists an open set U ⊇ K, so that f ∈ H(U ).
It is easy to see that, if we enduce the algebra O(K) with the denumerable family of seminorms sup z∈K |D a f |, D a varies in the denumerable set of all differential operators of mixed partial derivatives in z = (z 1 , z 2 , . . . , z d ) , then O(K) becomes a Fréchet space. Lemma 2.7 Let K be as in Lemma 2.5. If f ∈ O(K), I is a finite subset of N d and ε > 0, there exists a polynomial Q such that
for every a = (a 1 , a 2 , . . . , a d ) ∈ I. The following definition will be the one that will most concern us in the current paper.
S i , we define the class A ∞ (Ω, S) of all the functions f : Ω → C holomorphic on Ω, such that for every differential operator D of mixed partial derivatives Df is continuously extendable on
Theorem 2.10 Along with the assumptions of Definition 2.9, we also assume that C − (S i ∪ Ω i ) are connected, for 1 ≤ i ≤ d. Then, there exists a sequence L n in d i=1 (S i ∪ Ω i ), n ≥ 1, such that (i) L n are products of planar compact sets with connected complements.
(ii) L n is increasing with respect to n.
Taking the above facts into consideration, if A ∞ (Ω, S) is enduced with the denumerable family of seminorms sup z∈Ln |D a (f )(z)|, n ≥ 1 and D a varies in the denumerable family of differential operators of mixed partial derivatives in z = (z 1 , z 2 , . . . , z d ) , it becomes a Fréchet space.
Proof. Let L be a compact set in
(Ω i ∪ S i ). Without loss of generality, since Ω is a product of planar sets, we may assume
and, thus, there exists an n such that
We can also demand that
For the former, notice
which can be written down as
Since Ω i is simply connected, it follows that Ω i = C, which is absurd. Notice now that L n = d i=1 L i,n is the desired sequence.
Definition 2.11
We define X ∞ (Ω, S) the closure of the set of polynomials in the Fréchet space A ∞ (Ω, S).
Partially smooth universal Taylor series
Let Ω ⊆ C d be an open set, ζ = (ζ 1 , ζ 2 , . . . , ζ d ) be a point of Ω and N j , j = 1, 2, . . . be an enumeration of N d , where N = {0, 1, 2, . . . }, and denote the monomials
where a = (a 1 , a 2 , . . . , a d ). If f is a holomorphic function on Ω, we denote by a(f, ζ) the coefficient of
Fix ζ 0 ∈ Ω and the enumeration N j as above. Let µ be n infinite subset of N . There exists a function
(Ω i ∪ S i ), and every h ∈ A D (K), there exists a strictly increasing se-
in the topology of A ∞ (Ω, S), as n → +∞. Furthermore, the set of such f ∈ X ∞ (Ω, S) is a dense G δ set and contains a dense vector subspace except zero.
Proof. According to the Remark 2.2, it is not necessary to prove that the sequence λ n is increasing;
it suffices that λ n ∈ µ for all n.
It is known [12] , [16] , that when Ω i is a (simply) connected domain in C, there can be found compact
Let K i,j be an enumeration of the set K i . One can also verify that
Let K τ , τ = 1, 2, . . . , be an enumeration of all
T i , where T i 0 = K i 0 ,j i 0 for some i 0 and j i 0 and T i = B(0, s i ) for all i = i 0 and s i varies in the set of natural numbers. We notice that if we have the theorem for compact sets K of the form K τ , we also have it for every
Indeed, let us assume that the function f satisfies the theorem for compact sets K of the form
Let also ε > 0. According to Lemma 2.5, there exists a polynomial P such that
By definition of the sets K τ , there exists τ 0 ∈ N , such that
The theorem is valid for the compact set K τ 0 and thus there exists λ ∈ µ, such that
where d is the metric of the Fréchet space A ∞ (Ω, S). The result follows by the triangular inequality. Now, we proceed to show the result for the compact sets K τ . Following the notation of Theorem 2.3, we 
(Ω i ∪ S i ) is a product of planar sets, we can, without loss of generality, assume that
where K i,τ are all balls except for i = i 0 .
For i = i 0 there exist balls B i , such that K i,τ ∪ L i ⊆ B i . We define a function h :
Notice that the function can be extended on an open neighborhood of d i=1 (Q i ∪ Q ′ i ) and thus, by Lemma 2.7 applied for the function h and ε 2 , the wanted polynomial exists. The proof is complete. 
(Ω i ∪ S i ). In particular, this holds for any singleton in
Remark 3.3 Our method has succeeded in proving universal behaviour on the products of compact sets with connected complements, which are disjoint from (Ω i ∪ S i ), or not. Namely, can we partition C d in a "smooth" and a "universal" set with respect to a function f ? Of course, if S i is clopen in the topology of ∂ Ω i , for every i = 1, 2, . . . , d, the answer is positive by Theorem 3.1, because S i = S i . Take for instance Ω to be a strip and S be one of the two connected components of ∂ Ω. The following Lemma shows that our method fails in general. Proof. Suppose the contrary. Then, there exists a sequence z i , i ≥ 1 in ∂M \ (∂M ∩ M ), such that z i converges to z, a point of ∂M ∩ M . Since z i ∈ K i and K i is compact, for every i ∈ N , we can find a
Then, K is compact with C − K connected, but it is not contained in any K i , i ∈ N , which is a contradiction. Thus, Ω ∩ ∂ Ω must be open in the topology of ∂ Ω. (Ω i ∪ S i ), it is essential for our method to find a denumerable family of compact sets in
(Ω i ∪ S i ), K i ≥ 1, such that K i are products of compact sets with connected complements and for every K in
(Ω i ∪ S i ), product of compact sets with connected complements, there exists i 0 ∈ N , so that K ⊆ K i 0 . Let z i , i = 2, . . . , d, be points in Ω i ∪ S i . If K ′ is a compact set in C − (Ω 1 ∪ S 1 ), with connected complement, there can be found i 0 ∈ N such that
K i 0 ,j and notice that z j ∈ K i 0 ,j for j ≥ 2. Thus, since
(Ω i ∪ S i ) and
and K i is an enumeration of of the elements of the set K, we deduce that for every compact set K in C − (Ω 1 ∪ S 1 ), with connected complement, there exists i 0 ∈ N so that K ⊆ K i 0 . By the previous lemma, S 1 is closed in the topology of ∂ Ω 1 . The same, of course, holds for all i ∈ {1, 2, . . . , d}. Thus, we conclude that S i is clopen in ∂ Ω i , for all i ∈ {1, 2, . . . , d}.
Remark 3.6
In the extreme case where S i = ∅ for all i, or S i = ∂ Ω for all i, we get the results of [9] , regarding holomorphic and smooth, respectively, universal Taylor series. such that for every planar compact sets K i with C − K i connected and
K i , there exists a strictly increasing sequence λ n ∈ µ such that for every compact
as n → +∞, where d is the metric of the Fréchet space A ∞ (Ω, S). Furthermore, the set of such functions f ∈ X ∞ (Ω, S) is G δ -dense and contains a dense vector subspace except zero.
Proof. The proof is analogous to the proof of Theorem 3.1. The only difference is that when we apply such that for every planar compact sets K i with C −K i connected and Proof. According to Remark 2.2, it is sufficient to prove the theorem not for λ n strictly increasing, but for a sequence λ n ∈ µ for all n.
Let K τ , τ = 1, 2, . . . , represent the sequence of compact sets of C d , discussed in the proof of Theorem 3.1. Notice, now, that if the theorem is valid for compact sets of the form K τ , τ = 1, 2, . . . , we also have it proved for every
(Ω i ∪ S i ), such that C − T i are connected and T i are compact. Indeed, let us suppose that the theorem is valid for compact sets K of the form K τ . Let
T i , ε > 0 and F be a finite set of differential operators of mixed partial derivatives with respect to z = (z 1 , z 2 , . . . , z d ). Using Lemma 2.7, we can find a polynomial P such that
By definition of the sequence K τ , there exists τ 0 ∈ N , such that
The theorem is valid for compact sets of that form and thus we can find λ ∈ µ, so that
where d is the metric of A ∞ (Ω, S). The result follows now by the triangular inequality.
We proceed now, using the above fact, in proving the theorem for compact sets K of the form K τ .
Following the notation of Theorem 2.3, we set X τ = O(K τ ), E = X ∞ (Ω, S), L m = {ζ 0 } for every m ∈ N and ξ 0 = ζ 0 . The conditions (i), (ii), (iii) and (iv) of Section 2 can easily be verified. According to Theorem 2.3, it suffices to show that for every τ ≥ 1, g ∈ O(K τ ), every ε > 0, every L compact subset of
(Ω i ∪ S i ), and every finite set F of differential operators of mixed partial derivatives with respect to z = (z 1 , z 2 , . . . , z d ) there exists a polynomial P such that (Ω i ∪ S i ) is a product of planar sets, we can assume, without loss of generality, that
L i , where L i are compact subsets of Ω i ∪S i , for each 1 ≤ i ≤ d, and C − L i is connected (according to Theorem 2.10). Denote also
We define a new function u as follows:
The function u is well defined and it is easy to see that
The desired polynomial P is now givem by Lemma 2.7 applied to the function u, ε 2 and set F of differential operators.
Theorem 3.9 Under the assumptions and notation of Theorem 3.1, there exists a function f ∈ A ∞ (Ω, S), such that for every compact set K i with connected complements, such that K
(Ω i ∪ S i ), and every h ∈ O(K), there exists a strictly increasing sequence λ n ∈ µ, so that for every
where ρ is the metric of the Fréchet space O(K), and (Ω i ∪ S i ), discussed in Theorem 2.10, and ζ 0 an arbitrary set of L 1 .
Remark 3.10
We notice that the previous theroems have been proved with a specific enumeration of the monomials in mind. The question whether there exist similar results simultaneously with respect to all enumerations of the monomials has been answered in the negative in [9] , Theorem 6.1, for the case where S i = ∅ for all i = 1, 2, . . . , d. The argument can also be applied in our case.
We will now present some applications of the theorems in this section.
Definition 3.11
If F is a family of differential operators of mixed partial derivatives, we call F gapless if for every
is also contained in F .
Definition 3.12 (see also [13] ) Let Ω i C, 1 ≤ i ≤ d, be simply connected domains in C and Ω =
Let also S i be a subset of ∂ Ω i , for each i ∈ {1, 2, . . . , d}. Denote by F a gapless family of differential operators of mixed partial derivatives. 1. For any increasing sequence µ of positive integers, the set U µ E,L is not empty.
2. For any increasing sequence µ of positive integers, the set U µ E,L is G δ dense in E and contains a dense vector subspace except zero.
Remark 3.16
Notice that the theorems of this section hold, also, if we substitute A ∞ (Ω, S) by A F (Ω, S) and X ∞ (Ω, S) by X F (Ω, S). For the proof, observe that if we use the abstract theory framework, it suffices by Lemma 3.15 to show that each of the classes discussed in the theorems of the section is not empty. But this is trivial, since we have shown the results for the case of A ∞ (Ω, S), which is a subset of A F (Ω, S); therefore, X ∞ (Ω, S) ⊂ X F (Ω, S).
Topological properties of partially smooth universal Taylor series
In this section we will prove certain topological properties of some sets, which will allow us to deduce that there do not exist universal series with particular properties. are dense in C. We denote the set of ζ-universal points with respect to f by U (f, ζ). Proof. Let q n , n ≥ 1 be a dense sequence in C d . If G n,k,m denotes the set
we easily see that G n,k,m is open and that
which is a G δ set. DSλ n (f, ζ)(z) − Df (z) → 0 for every differential operator of mixed partial derivatives D.
We denote this class by B u (W ). (
(Ω i ∪ S i ) . Proof. It is an immediate consequence of Theorem 4.9.
